
4.1 First-Order Systems and Applications  

Example 0  Derive the equations 

for the displacements (from equilibrium) of the two masses shown in the following figure.

                                      

 

                                      

Consider the single th-order equation

We introduce the independent variables  as follows:

Then we have the following system

Ch 4 Introduction to systems of Differential Eqns

streaked by ✗
units

✗ µ
streaked by y

-✗ units .

By Newton 's law of
motion

F-- ma

For m ,
,
we have

M . ✗
"
= kzcy - X)

- ki
positive direction For ma , we have

>

my
"

= fits - key-x)
Thus
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"
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Ma Y
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Example 1 Transform the given differential equation into an equivalent system of first-order 
differential equations.

 

 

 

 

 

 

 

 

 

 

 

 

Example 2 Transform the given differential equation  into an equivalent system of first-order 
differential equations.

 

 

 

 

 

 

 

 

 

 

 

ANS : Let ✗ ,
= X

,

X, = ✗ ,

'

= ✗
'

,
So ✗ I = ✗" = -26×-2×434 coset

= -264 , -2×2-1340514

Thus

{
✗ i= × -

✗ i = -26×1-2×2 -1340054T

ANS : Let ✗ ,
-_ ×

, ✗5- × ,
'=×

'

,
Xs = Xi = ✗"

, Xq = ✗E- ✗
"

✗I = ✗
""
=-3✗

"
- X - edtsinst = -3×3 - X , +étsinzt

.

✗ i = ✗ zThus
= ✗ 3

✗ j = ✗4

✗I = -3×3 - × , tétsinzt



Example 3 Transform the given differential equation into an equivalent system of first-order dif- 
ferential equations.

 

 

 

 

 

 

 

 

Example 4 Transform the given differential equation system into an equivalent system of first-order 
differential equations.

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

ANS : Let × ,

-

- X
, Xz=✗i=X

'

, ✗s=xi=X
"

.

✗s'=x
'" so

{
×i=x,

✗i=X }

1-3×2,1=2+2×3 - ztx, -5×1 -1kt
#

✗ j= F- Xs - ¥4 - ⇒ ✗ it ¥5 (1--1-0)

ANS : Let ✗ ,
-

- X
,
X ,

-

- Xi
,

then xi=×
"

tetyiy . g. =yi , then yi=y
"

Letz , =z , Zizi , then zi=z "

f×i=×
.

× :< = 3×1 - Y , -122 ,

yi= Ya
Yi -_ × , -1g ,

-4-2

/
Zi= Z ,

zi=fX ,
- Yi - Zi



 

Example 5 Solve the two-dimensional system

 

 

                                   

                                    

 

 

 

 

In Mathematica, we can type

In Matlab, we use

 

StreamPlot[{-2*y, (1/2)*x}, {x, -5, 5}, {y, -5, 5}]

[x,y] = meshgrid(-3:0.3:3,-3:0.3:3);
f1 = -2*y;
f2 = (1/2)*x;
quiver(x,y,f1,f2)

⇒ y= -±×
'

⇒ y
'
= - Ix"

ANS : From the first equation , we have y =
- Ix '

.

Take the ¥, both sides . we have y
'
= - Ix

"

Then compare
with the second egn .

we have

y
'
= ⇒*

"

=±x ⇒ -⇐ ✗

⇒ ✗
"

+✗=o

⇒ ×"+×=0_

82+1=0 ⇒ r = ± i

Then
✗ It , = A cost -1 Bsint = Ccoslt-4

Then since

if = - Ix
'

= - I [Cws It-✗ if
'

⇒
y = -1£ csin It-✗ )

⇒ {
✗It) =L cos It-x )

Y'" = Iain#×,
⇒ {
¢0s 't-a#my

+ +

@sink - xD:-(yap
⇒ c- costt -a) + doin

> It-a) = Fit )t4y%t )
2

⇒ It 4y
'

= c-

⇒ ya+

egg
= 1

Thus the solution curves ( trajectories )
are ellipses .



 

 

Example 6 Find the general solution of the following problem.  Show that the trajectories of this 
system are hyperbolas.

 

 

 

 

 

 

 

 

 

                                    

  

ANS : From the first eqn . if
= ✗

'

⇒y
'

= ×
"

Plug y
'

= ×
"
into the second eqn ,

we have

y
'

= |x"=2✗_T
⇒
×
"
- 2x = 0

Then f- 2=0

⇒ r=±nE So ✗ = Aest -1 Beret

Then as

if =x
'

⇒
y
= EA ett - rzpsért

We compute
✗
-
- I g-

= A-eat -12A B + B- e-
2ft

- -1 ( 2.A'e-at- 2.2AB -1213
-

e-
"t

)
= ZAB 1- £-4AB = GAB

✗1- AZ eat. eft + 2. AB est
-

AI
, pgédrat

Thus

✗
2- £ y

'

= TAB

⇒ ×
'

4A B
- 8%11-3 = 1

which is a egn of a hyperbola .


